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Abstract Amatrix free unstructured Galerkin Finite VolumeMethod (GFVM) is adopted for solving plane-
stress two dimensional Cauchy equilibrium equations. The algorithm is developed based on the Galerkin
method, for the solution of structural problems on unstructured linear triangular element meshes. The
developed shape function free Galerkin Finite Volume solver computes stresses and displacements of
solid mechanic problems via some iteration. The performance of the introduced algorithm on coarse
unstructured meshes is assessed by comparison with computed results of a plane-stress case (with
uniformly distributed load on one of its elliptic boundaries and two straight sliding support boundaries),
for which an analytical solution is available. The results of the introduced method are presented in terms
of stress and strain contours, and the sensitivity of the GFVM solver to mesh coarseness, as well as to
the utilized gradual load imposing parameter (which affects the convergence behavior of the model), is
assessed. Furthermore, the accuracy of the present matrix free GFVM is compared to the previous matrix
manipulation based solution methods.
© 2011 Sharif University of Technology. Production and hosting by Elsevier B.V.
Open access under CC BY-NC-ND license.1. Introduction
The Finite Element Method (FEM) has been widely ap-
plied for problems in Computational Solid Mechanics (CSM),
especially with regard to deformation problems involving
non-linear material analysis [1]. However, there are some dif-
ficulties for producing the stiffness matrix and the shape func-
tion, in order to increase the convergence rate, and theremay be
numerous difficulties in considering complicated geometries.
Furthermore, FEM suffers from a heavily computational work
load, due to its matrix manipulation requirements.
The Finite Volume Method (FVM) which has been widely
used in the field of Computational Fluid Dynamics (CFD) [2] and
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Open access under CC BY-NC-ND license.heat and mass transfer problems [3] is recently generalized for
stress analysis in isotropic linear and non-linear solid bodies
and in dynamic problems using some matrix manipulation
based algorithms. In principle, because of the local conservation
properties, the FVM is in a strong position to effectively
solve complicated geometries [4–6]. Furthermore, FVM based
methods are very efficient in terms of computer memory
[7–10]. From the results of previous FVM work, the FVM
appeared to offer some advantages for the solution of solid
mechanic problems.
Using triangular meshes for FVM computation showed
excellent agreement with analytical results [7,8]. Nevertheless,
meshes consisting of quadrilateral FVM cells displayed a
too stiff behavior, indicating a locking phenomenon [6]. The
FVM method using triangular cells is classified into two
approaches; cell-centered and vertex-based. It was shown that
both FVM methods can analyze plate structures regardless of
thickness. Despite FEM, the locking behavior does not appear
in deformation prediction. In a matrix manipulation FVM
algorithm, the cell centered FVM formulation has the capability
of predicting more accurate results than the cell vertex based
FVM formulation, in plate analysis [8].
The Galerkin Finite Volume Method solver of two dimen-
sional Cauchy equations was successfully developed and ap-
plied to plane-strain problems [11]. The algorithm converts the
time dependent Cauchy equations for plain stress problems
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into the discrete form. The introduced method is based on the
Galerkin approach for the solution of a weak form of Cauchy
equations on linear triangular element meshes. The matrix free
formulation of the proposed method provides a low computa-
tional work load for solution of the initial value cases. In this
paper, time stepping is utilized for the iterative solution of an
equilibrium plane-stress problem with irregular boundaries.
The comparison of computed stresses for a classical plane stress
under uniformly distributed loads, with available analytical so-
lutions, shows that acceptable results can be achieved, even
with zero stress and strain field initial conditions, via some iter-
ation. The effects of solution parameters andmesh resolution on
the convergence behavior of the method are investigated and
the performance of the solver is demonstrated in terms of prin-
cipal stress contours.
2. Mathematical models
The mathematical description of solid state behavior can be
defined by Cauchy’s equilibrium equations. In order to obtain
the discrete form of the Cauchy equation in an i direction, the
following form is used for two dimensional problems:
ρ
∂2u1
∂t2
= ∂σ11
∂x1
+ ∂σ12
∂x2
+ b1,
ρ
∂2u2
∂t2
= ∂σ21
∂x1
+ ∂σ22
∂x2
+ b2. (1)
Here, ρ is the material density, b is the body force and σ are the
stresses, where:
σ11 =

C1
∂u1
∂x1
+ C2 ∂u2
∂x2

,
σ12 = C3

∂u1
∂x2
+ ∂u2
∂x1

,
σ21 = C3

∂u1
∂x2
+ ∂u2
∂x1

,
σ22 =

C2
∂u1
∂x1
+ C1 ∂u2
∂x2

. (2)
In plane-stress cases:
C1 = E
(1− υ2) , C2 =
Eυ
(1− υ2) ,
C3 = E2(1+ υ) , (3)
in which, E is the Young modulus of elasticity and υ is the
Poisson ratio.3. Discrete form of governing equations
3.1. Galerkin finite volume formulation
Multiplying the residual of the above equation by the
test function, ω, and integrating over a sub-domain, Ω (see
Figure 1), the terms containing spatial derivatives can be
integrated by part. The governing equation may be written as:∫
Ω
ω.ρ
∂2ui
∂t2
dΩ =

ω.
⇀
F i

γ
−
∫
Ω
⇀
F i.
⇀∇ ω

dΩ
+
∫
Ω
ωbidΩ. (4)
Here, the stress vector in the i direction (i = 1, 2) is defined as:
⇀
F i = σi1 iˆ+ σi2 jˆ.
The weighting function, ω, can be chosen equal to the linear
shape functions of a triangular element, φ. The linear shape
functions, φk, take the value of unity at a desired node, n, and
zero at other neighboring nodes, k, of each triangular element
(see Figure 1). Hence, the summation of the term [ω.⇀F i]γ over
the boundary of the sub-domain,Ωn, is zero.
The first integral in the Right Hand Side (RHS) of Eq. (4) can
be discretized as:∫
Ω
⇀
F i.
⇀∇ φ

dΩ ≈ −1
2
N−
k=1

F˜i
⇀
∆ l

k
, (5)
in which, F˜i is the i direction piece wise constant stress vector
at the centre of the element associated with the boundary side,
k (inside the sub-domain, Ωn with N boundary sides), and
−→
∆lk
is the normal vector of the side, k, opposite to the node, n.
The second integral in the Right Hand Side (RHS) of Eq. (4)
can be discretized for cases with a body force term, as:∫
Ω
φbidΩ ≈ Ωn3 bi. (6)
The Left Hand Side (LHS) of Eq. (4) can be written in discrete
form for a sub-domain formed by linear triangular elements
sharing node, n, as:
∂2
∂t2
∫
Ω
φuidΩ

≈ Ωn
3
d2ui
dt2
. (7)
Considering an arbitrary assumption for initial strain and
stress fields, the time marching of the solution can be viewed
as iterations of computations that help converging to an
equilibrium condition for steady state cases. Therefore, a
finite difference explicit approach is applied for discretization
of the time derivative of the i direction displacement, ui.
Consequently, the LHS of Eq. (4) can be written as:[
ρ
Ωn
3
d2ui
dt2
= ρ

ut+∆ti − 2uti + ut−∆ti
(∆t)2

n
Ωn
3
]
. (8)
Adding all the discrete form of terms RHS and LHS together, the
final discrete form, Eq. (4), is obtained in the following explicit
form:
(ui)t+∆tn = 2(ui)tn − (ui)t−∆tn
+ 3(∆tn)
2
2ρΩn

N−
k=1
(σ˜i1∆x2 − σ˜i2∆x1)k + biΩn3
t
. (9)
For steady state (static) cases,∆t is a computational means for
stabilizing iterative marching to a condition of equilibrium.
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In order to stabilize the iterative solution procedure,
appropriate time stepping must be chosen. In this paper, a
method of local time stepping for a static state has been
adopted. In the above mentioned technique, the length of time
stepping for each vertex of the control volume is different, and
during the period of program analysis, for every vertex of a cell,
the time stepping of the control volume of the same cell has
been used. It is important to mention that the time stepping
length must be dependent on material quality and the area of
the control volume.
The time step,∆tn, for each control volume can be computed
as:
∆tn ≤ rncwave , (10)
where Cwave is the wave speed which can be defined
as [11,12]:
Cwave =

E
ρ(1− υ2) . (11)
Here, rn is the average radius of the equivalent circle that
matches the desired control volume (rn = Ωn/Sn). For any
control volume, n, this radius can be computed using area (r =
Ωn/
∑Nedge
k=1 (∆l)k) and perimeter (Sn =
∑Nedge
k=1 (∆l)k) of the 2D
control volume.
For initial value problems, the allowable time step for
computation of dynamic problems for the entiremesh is limited
to the minimum time step associated with the smallest control
volume of the domain. However, the small grid size of the
unstructured meshes near curved boundaries or in the vicinity
of stress concentrations would slow down the computations.
The time step has no physical meaning in the equilibrium
problems and it is only utilized for convergence of the iterative
solution via stable iterations. Hence the local time step (using
the time step values proportional to the size of the control
volumes) is used for speeding up computation of the static
problems. In this technique, to accelerate the convergence of
steady state conditions, the computational pseudo time step
for each control volume can be calculated for its own control
volume. Using local time stepping for the unstructured meshes
with variations in size of control volumes will considerably
increase the convergence rate.
3.3. Computation of stresses
By application of the divergence theorem, stresses σ˜i1 and
σ˜i2 are computed in the center of each cell as:
σ˜11 ≈

1
Ak
3−
m=1
(C1u1∆x2 − C2u2∆x1)m

,
σ˜12 = σ˜21 ≈

1
Ak
3−
m=1
(C3u1∆x2 − C3u2∆x1)m

,
σ˜22 =≈

1
Ak
3−
m=1
(C2u1∆x2 − C1u2∆x1)m

, (12)
where, i = 1 is x, i = 2 is y and Ak is the area of the triangular
element (withm = 3 sides), associated with the boundary side,
k, of the sub-domain,Ωn (see Figure 1).Figure 2: Modeling the sliding support at a boundary node.
Figure 3: Equivalent concentrated load P representing with in plane
distributed load q.
4. Imposing boundary conditions
4.1. Boundary constraints
The movements normal to the boundaries with sliding
conditions are set to zero and the tangential vector of
displacement of such boundaries is only kept for this purpose,
as shown in Figure 2. Therefore, using the displacement vector
as U⃗ = ux⃗i + uy⃗j and the normal component as ⇀u n = U⃗ .nˆ,
the tangential component of the displacement vector can be
defined as u⃗t = U⃗ − u⃗n.
4.2. Distributed loads at boundaries
For cases in a steady condition, an external load, P , is
considered as the global source term of Cauchy equations
(a body force, bi). For the two dimensional problems, the
distributed loads on the boundaries, q (see Figure 3), the
contribution of the distributed load associated with the desired
134 S.R. Sabbagh-Yazdi, S. Ali-Mohammadi / Scientia Iranica, Transactions A: Civil Engineering 18 (2011) 131–138Figure 4: Plate with elliptic curved boundaries with t = 0.1 m thickness,
ρ = 7830 kg/cm3 density, E = 2.1×10e11N/m2 Young’smodulus andυ = 0.3
Poisson’s ratio.
boundary node is considered as a concentrated load, P . The
value of the concentrated load, Pn, at a desired boundary node,
n, is computed using half the length of two boundary edges
adjacent to that node and is expressed as:
P = q
2
2−
k=1
(∆l)k, (13)in which:
∆l =

(∆x1)2k + (∆x2)2k .
Note that suddenly imposing the external load would cause
some problems for the computational procedure. In order to
overcome the problem, gradual load imposing is implemented
in the present model using a relaxation coefficient, 0 < Crelax <
1, during some computational iteration.
Crelax = Minimum

Istep
L/∆t

, 1.

. (14)
Here, Istep is the iteration number at a desired stage of the
computation, and L is a length scale.
5. Computational results
5.1. Specification of the bench mark case
In this section, the GFVM solver is verified by a plane-
stress case with curved boundaries under distributed loads
and straight boundaries with sliding supports, as shown in
Figure 4. For this plate, the specifications are listed in Table 1
and the analytical solutions of the principal stresses are readily
available [4]. This benchmark test was analyzed by previous
researchers using FEM solvers [12], as well as FVM [4].(a) Very coarse mesh. (b) Coarse mesh.
(c) Fine mesh. (d) Very fine mesh.
Figure 5: Unstructured meshes applied for computation.
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Meshes Number of elements Number of nodes Equilibrium convergence CPU time (s) Maximum principal stress at
point D
Value (MPa) Error (%)
(a) 6 8 0.156 37.08 60%
(b) 23 22 0.296 64.89 30%
(c) 55 44 0.468 78.795 15%
(d) 101 72 0.83 84.357 9%(a) Very coarse mesh. (b) Coarse mesh.
(c) Fine mesh. (d) Very fine mesh.
Figure 6: Equilibrium of the computed maximum displacements for the considered meshes after some iteration.The top curved boundary of the plate is loaded with a
uniform outward pressure of 10 MPa, which produces stress
concentration on the inner surface of the ellipse. The stress con-
centration has a peak value of 92.7 MPa at point D of Figure 4.
For the specified plate condition and geometric features, the
peak value of principal stress at pointD is analytically computed
as 92.7 MPa [4].
5.2. Investigation of mesh resolution effect
In order to investigate the effects of mesh resolution on the
accuracy of the results of the present GFVM solver, the com-
putational results on various meshes are compared. Figure 5
shows four unstructured meshes used for the computations.
The error on computed principal stresses at point D (where the
maximum stress is computed) for the four triangular unstruc-
tured meshes with various resolutions is tabulated in Table 1.The convergence of maximum displacements of various
meshes to the equilibrium condition is illustrated in Figure 6.
As can be seen in Figure 6, there is no post convergence
oscillations in the solution results of the application of the very
coarse mesh, while there are some numerical oscillations for
post convergence results of the application of very fine mesh.
However, the damping characteristics of the present solution
algorithm for the coarse meshes may give rise to accuracy
degradation. On the other hand, for the fine meshes (in which
accurate results may be computed), it is necessary to consider
some numerical techniques that avoid oscillatory results.
5.3. Investigation of length scale effect
In order to avoid numerical oscillations, the gradual load
imposing rate, which is considered proportional to the length
scale of the problem (see Eq. (14)), plays an important role in the
stability of the solution procedure. Here, the effect of a proper
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values of length scales.
choice of length scale, L, is investigated for a mesh size with
101 elements and 72 nodes. The results of this investigation are
demonstrated in Figure 7 for a number of load imposing rate
parameters (L). It can be seen that for the present algorithm, the
length scales of L = 10 m (which is the perimeter length of the
plate) and L = 5 m (the maximum length of the plate) provide
a stable convergence of the computations and accurate results,
but associate with rather slow convergence to the steady state
conditions. However, choosing the length scale, L > 5 (more
than themaximum length of the plate), provides oscillation free
post convergence rate solutions. On the other hand, the choice
of L < 2.5 m (half the maximum length of the plate) provides
a faster convergence rate with some minor post convergence
oscillations. The stress contours using the length scale equal to
L = 5 m and L = 2.5 m are presented in Figure 8. As can be
seen, there is no significant difference between these figures.
5.4. Comparison of results with previous numerical studies
In order to assess the performance of the present GFVM
solver, the principal stresses computed by the present GFVM(using the Length Scale of 5 m) are compared with the
results of the FEM solver on structured (quadrilateral) and
unstructured (triangular) meshes [12], and FVM solvers on
structured (quadrilateral) meshes [4] developed by previous
researchers (see Figure 9). In Figure 10, the accuracy of the
principal stresses computed by the GFVM on a mesh with 6
elements and 8 nodes is compared with the principal stresses
computed by the aforementioned numerical methods.
In order to investigate the mesh dependency of the present
matrix free GFVM algorithm, the errors in the computation
of maximum principal stresses for various meshes (presented
in Figure 5) are computed and compared with the errors of
previous methods (see Figure 11). As can be seen, the errors
in the results of the present solution algorithm GFVM, on very
coarse unstructured triangular meshes with very few node
numbers on the curved boundary (i.e., Figure 5(a)), are greater
than FEM and structured FVM, while for the finer meshes,
the errors of the present GFVM method corresponds to the
results of other numerical methods. Note that both FEM and
FVM solvers of previous researchers, which are utilized for the
comparison, require matrix manipulations in their solutions,
while the computation of the present iterative GFVM solver is
free of anymatrixmanipulations and thereforemay correspond
to a light computationalwork load. Although the accuracy of the
GFVM would compete with the pervious solvers, its advantage
may appear on its computational work load of initial value
problems, due to its iterative solution procedure.
6. Conclusion
A vertex based iterative (matrix free) Galerkin Finite Volume
Method for the solution of two dimensional solid mechanic(a) Using L = 5 m (the maximum length of the plate).
(b) Using L = 2.5 m (the maximum length of the plate).
Figure 8: Color coded maps of computed stresses (S1 and S2) for the mesh with 101 elements and 72 nodes.
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previous FEM and FVM workers [4].
(plane-stress) problems is introduced and applied in this paper.
The new shape function free numerical method with a light
computational load can easily be applied for solving real world
problems. This computational model can calculate stresses and
deformationswith irregular boundaries under distributed loads
and sliding supports. TheGFVM solver is verified by comparison
of principal stresses and deformations for a benchmark plane-
stress case with elliptic boundaries and sliding supports under
distributed loads with an available analytical solution.
The sensitivity of the introduced GFVM to mesh refinement
is assessed and, then, the effect of the load imposing rate (pro-
portional to the length scale L of the problem) on the conver-
gence behavior is investigated. The computational results of the
presentmatrix freeGFVMsolver are then comparedwith the re-
sults of previous matrix manipulations, based on FEM and FVM
solvers.
The numerical tests on the sensitivity of themesh resolution
on the accuracy of the computed results of the present
GFVM show that using relatively coarse meshes are in good
agreement with analytical solutions. However, since there is
no interpolation function in the numerical formulation of the
present solver, the fine meshes provide more accurate results
than the coarse meshes. Note that due to eliminating the
linear shape function and matrix manipulations in the present
iterative solution algorithm, the mesh refinement does not
require dramatic computational costs. Therefore, the developed
solver is suitable for cases in which the mesh refinement is an
essential task.
The damping characteristics of the present solution algo-
rithm for the coarse meshes may give rise to accuracy degra-
dation, while accurate result may be computed by application
of the fine meshes. However, there is some post convergence
oscillation in the solution results of the fine meshes. Therefore,
it is necessary to consider some numerical techniques to avoid
oscillatory results on the fine meshes.
Computational tests show that gradual load imposing may
reduce numerical oscillations and improve the convergence be-
havior of the present GFVM. Therefore, some investigations are
made on the effects of the load imposing rate (proportional to
the length scale, L) on the convergence and post convergence
stability of the iterative computational marching to an equilib-
rium condition. The results show that if the length scale L, in-
troduced for the iterative computational marching limit, was
chosen proportional to the maximum length of the problem,
stable and accurate results would be achieved. On the other
hand, choosing the load imposing rate parameter, L, less than
half the length of the problem, may accelerate the convergence
rate.Figure 10: Comparison of the maximum principal stress variation along the
short elliptic boundary of the plate.
Figure 11: Comparison of errors in maximum principal stress.
Furthermore, the comparison results of the present matrix
free GFVM for unstructured triangular meshes with the results
of some matrix manipulation based algorithms, such as FEM
solutions for structured quadrilateral and triangular meshes,
as well as matrix based FVM solution results for quadrilateral
structured meshes (which are reported by previous matrix
manipulation based numerical workers), shows that the GFVM
can be considered a competitive alternative for previous
standard methods. Application of fine meshes is particularly
essential for proper modeling of geometric irregularities.
The advantage of the present iterative GFVM structural
solver over the matrix manipulation implicit methods may
appear in terms of providing a similar accuracy of results, but
with a low computational work load for solution of the initial
value problems.
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